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Abstract

In this paper it is constructed a new grand grand Sobolev-Morrey Sp) 2),0, W (G) spaces with
dominant mixed derivatives. With help integral representation of generalized mixed derivatives
of functions, defined on n-dimensional domains satisfying flexible horn condition, an embedding
theorem is proved. In other works, the embedding theorem is proved in these spaces and
belonging of the generalized mixed derivatives of functions from these spaces to the Holder

class, was studied.
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1 Introduction and preliminary notes

The fact some mixed derivatives DY f cannot be estimated in terms of the derivatives of f
entering the definition of the norm of Wl H, ! and B > leads to the necessity of consideration of
the function spaces of another type in Wthh the key role is played by mixed derivatives.

The functions spaces Sobolev SLW(G)(I € N™) and Nikolskii S, H(G) with dominant mixed
derivatives were introduced and studied by S.M. Nikolskii [19] and later by T.I. Amanov [1] and
A.D. Djabrailov [4] were introduced and studied the spaces Nikolskii-Besov S;l),eB (@) with dominant
mixed derivatives. The spaces type Sobolev-Morrey Sé, a5~ W (G) with dominant mixed derivatives
were introduced and studied in [15].

Example 1.1. Let us consider an equation of the form
ul +ul) +ul) +u= f(2),

in our case the solution of this equation is sought in the space SUIW. One can look for the
solution of equation in the space W2 but then this solution will require additional derivatives,
in other words, in our case the solution belongs to a wider class.

In this paper we introduce a grand grand Sobolev-Morrey ng)y%),a’aW(G) spaces with dominant
mixed derivatives and studied differential and differential-difference properties of functions from
this spaces.

It should be noted that the grand Lebesgue spaces L, (G), 1 < p < oo, on bounded domain
G C R™ was introduced by T. Iwaniec and C. Sbordone [5] and the small Lebesgue spaces, the
grand grand Lebesgue-Morrey spaces, the grand and grand grand Sobolev-Morrey spaces type (with
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different norms) were introduced and studied in [3], [7]-[14], [17], [18], [20]-[22]. Note that in this
paper, not only does the class expand, but also it is proved that in the ”Holder index” is greater
than in the papers [6, 15, 16].

Let G C R"™ be a bounded domain, e, = {1,2,...,n}, e C e, I = (l1,...,ln),
lj >0 (j € e,) are integers, and let I = (If,...,1;), I =l for j€e; I =0for j €e,\e= e. Let
t=(t1,...,tn), t; >0 (j € e,) and for z € R" we put

1. .
Gix(x) =GN () =GN {y Hy; — gl < itjj, je en},
and
be bj
/f(x)dxe: H/da:j f(z),
a® jeeaj

i.e. integration is carried out only with respect to the variables x; whose indices belong
to e.

Definition 1.2. Denote by SZZ)),%)%Q
derivatives D" f(e C e,,) with the finite norm

W (QG) a space of locally summable on G having the generalized

1Alss - wiey = 0 10" Fly e (1)
eCen
where
I £llp).50).as0:6 = NflILyy )00 (@)
~ s e [ Pl (12)
Jzeo TG0 e | |
0<ézg£r j€en Gy ()
dj (j € e,) is diagonals of I;=(z), s, = min{si,..,s,}, s; = min {p -1, }Z;},
a; >0 (j€ey); 1 <p<oo, € (0,00)7 ac€ [0,1]( suppose that % equal 0).
We note some properties of the spaces L) .y q4.(G) and S;))%%aﬂW(G).
1. For any s, a € (0,00)", a € [0, 1] we have the embedding
Lp),;r),a,a<G) — L;D) (G)a S;ly),%),a,aW(G) — SL)W(G>
i.e.
£l < 1 lyraec and [Fls wie < 1715, . wion (13)

e<p—

= D" , = su i-/ )P~ % dx
Ifllstwc) = D I1ID" Fllpyar 1flp.c L |G|G |f ()]

eCep
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2. The spaces Ly) ..).q,o(G) and are complete Sé) ). W (G) are complete.
The proof scheme completeness of these spaces is carried out as in [2, p.398]
3.

1£1lp),20)0,0:6 = [Ifllpy;c and [ f] s

Voo (@ = Ifllst wie):

Let M(-,y,z) € C§° so as to have

S(M) = 0<thjﬁ{y: <t+yT> € S(M)}7

i€en
where t¢ + T¢ = ti(j €e), t° +7T¢ = T; (j € €) and clearly, V C Iy = {z el < %Tj, je en}.

Let V be an open set contained in the domain G, henceforth we always assume that U +V C G,

and put

Obviously, if 0 < 5¢; <1 (j € e,), then Iy C Ip= and thereby U +V C Gp=(V) = Z.

Lemma 1.3. Let 1 < p < ¢ < r < o0, 5 < u%a’ 0 < tj, n; < T; < min{l,d,},

0 <75 <70, v=(v1,...,Vn), v; > 0 are integers (j € e,), 1 € Ly) ;) 4.o(G) and

1 1
— (1= — %Ja+a]€)<p—5+q—e)’
Aj(z) =
T (t+ T )
lj—v;—2 Y P , L e e’ e

= t? M t“+T dydt 1.4

S [ve+ (HTE,, ] (L ,x>> ydtt (14)
Oe Jee R"

A;,T(m):
lj—vj— Yy p(t6+T6/’w) /(€ !

7 t°+71° dydt®. 1.5

/]1;[ /1/} M <t6+Te” te + 7T AT @) | dy (15)
e e Rn

Then
;4 a+% —a]s

5D 145l ) < Call¥llp s, cc6%” | R

jEen

x [[ o et Hn (1; > 0), (1.6)

jee’ jEe
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sjatsj—a

sup ”AnT”q e, Uy (T) <C?||1/}||p) %)aong p N H 5 -

€

JjEen
HT”J7 for pu; >0
j€Ee
1-(1—s—sjatoze) (- 722) ) T1 ln , for p; =0
X H/T e J . (1.7)
j€e Hnj , for p; <0
j€e
Here Uy»(Z) = {z : |z; — F4| < 27] , Jj € ey}, and C; and Cy are constants independent 1, 7,

1, T and ¢.

Proof. Using the generalized Minkowskii inequality for any € U and 0 < ¢ < s,,, we have

e

n
e li—v.—2 e e’ e
T — / TTt " 2ot + TV e oy, (18)
Oe€ j€e
where
, y  ptt+ T 2) ,( : )
tc+T°) = M t¢+T°¢ dy . 1.9
plat +7¢) = Wl +y) (MTE,, S (et a0
R’Vl

Estimate of the norm |p(-,t¢ + Tel)Hq_e_va,((f). From Holder’s inequality (¢ < r) we obtain

’ e e’ (] qiaii
(-t + T gmev @ < It + T)r—e @ [ 7 ( ) (1.10)
j€en

Let X be the characteristic function of S(M). Using the fact that 1 < p < r < oo, s <
r (% =1- o~ E) and

M| = (J[P==|M|*) = (jglP =) 7 e (M)

(Pis - ’l‘i6> + (% - ria) = 1)’ we have
<P'7te+Te/ r—e, U« (T SK sup /7/)95+y b=e (/)d
|| ( )H EU’Y () Q,)EU ac) ‘ | te+Tc

X su x+y)|P " dx /‘ ,)
awp | [ et (R e

dy | (1.11)
U’y"(E)

and applying again Hdélder’s inequality (Tie

ol

here suppose that |M(x,y, z)| < K|Mi(z)|.
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Obviously, if 5; < 1,0 < t; < Tj(j € en), then Zye  per (¥) C Zyoeyey (1)e (). For every x € U

we have
/ Wbz + y)[P "5 (2”@/@,) dy < / [ (y) [P~ dy
R’n

eprer (@

< / )PP dy < 1YIIP~< ,

Z(tx)e+(Tn)e’ (:E)

ey eyt (®)

S 2y @ By (@)
— s (l4a)—aj wi(14a)—a;
< ||1/J‘ p)’%)ﬂ,OGZE ' H TJ e Htjj( “ e (1‘12)
j€Ee’ Jj€Ee

ForyeV

[ warpras [ p@rtde < g e

Uy () Zy= (T+y)
SN 2 g€ 1Z=(@ + )]
»i(l4a)—a
<Nl ey aeize ™ ] 77097, (1.13)

Jj€en

dy =Ml TT 75 I T 65 (1.14)

jee’ jEe

y S
M, | ——=
/‘ 1(t€+T6’>
Rn

It follows from (1.9)-(1.14) for r = ¢ that

wj(1+a)—aje

|w<f+T>m5U4@<cmanmefmzsqsIIw "

j€en

» H T (1—3cj—sja+oye) HT (1— %J*%7Q+Oé]€)(75*qii) . (115)
jee’ j€e

Unseating this inequality in (1.8), for T € U, we obtain

7(1+a) aje
1A g m @) < Cllellpyyamsze ™ [ ©

J€€n

<~ 1," (=g seyatase) (e Hn (u; > 0)

j€e’ j€e

Similarly, we can prove (1.7).
Q.E.D.
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2 Main results

We prove two theorems on the properties of functions from the space S}lj )m%maW(G)'

Theorem 2.1. Let open bounded set G C R™ satisfy the condition of flexible horn [4]; 1 < p <

q <00, < g, v =(V1,...,Vn), v; > 0 are integers; p; >0 (j € e,) and let f € S/ ) asa W (G).
Then D : S;) 2 aaW(G) = Lg—c(G) (0 <e < sp)and it is valid the mequahty
1D* fllg-e.c < C(e) D TT 757 ID" £l sep0.0cc (2.1)
eCe, jE€en
here .
. ki, JEe
Sed = —vj — (1 =3 — xja+ aje) (pig — qis) ,jee .
In particular, if
ﬂyyo:lj*Vj*(lf%j*%ja+%€)p_ (J € en),
then DY f is continuous on G and
sup| D" f()] < C(e) D T1 77 IID" fllp) ),0.056 (2.2)

z€G eCe, jEen

where 0 < T; < d; (j € ey), C(e) is a constant independent of f and T = (T1,...,T),).

Proof. In conditions of our theorem there exist generalized derivatives D* f. Indeed, if p; > 0
(j€en),and l; —v; >0 (j € ep). Since p < g, 2 < 1_%& (j € en) and
Sty aaW(G) = SyW(G) = S,__W(G) (p—e>1).

Then D¥ f exists on G and belong to L,_.(G), and for almost each point z € G the integral
identity received in [4]:

D)= 3 ()M [ 77 //Ht

eCen jEe’ Oc pn €€
4T 2) , .
x KW y o ’ 't 4 T¢ D! dydt® 2.3
€ <t€+T6/’ te+Te/ 7[)( + "T) f($+y) Y B} ( )

0<T;<d; (j€en), Ke(,y,2) € C§°(R™) and suppose that |K.(z,y,2)| < c|K}(2)], e C ep.
Recall that the flexible horn z +V C G is the support of the representation (2.3). Based on the
Minkowski’s inequality, we arrive at

ID" fllg—ec < > TT 77 7 1A% llg—c.c- (2.4)

eCe, jee’
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By means of inequality (1.6) for U = G, D" f = 4, K = M, n; =1T; (j € e,) we get
inequality (2.1).
Now let conditions ;0 > 0 (j € e,,) be satisfied, then based around identity (2.3) from inequality
(2.4) we get
v v —1-v; e
1Df =17 e <€) D TT T ID" fllpyooy s

I#eCe, jee’

AsT; — 0 (j € ey), the left side of this inequality tends to zero, since f}l') is continuous on G,
in our case the convergence in Lo, (G) coincides with uniform convergence. Then the limit function
DY f is continuous on G. The theorem is proved.

Let £ is n dimension vector. Q.E.D.

Theorem 2.2. Let all the condition of Theorem 2.1. If p; > 0 (j € e,), then DY f satisfies the
Holder condition in the metric L,_.(G) with exponent o, more exactly

IAE G)ID" fllg-cc < CEONflst - wiey TT 1l (2.5)

Jj€en
where o is an arbitrary number satisfying the inequalities:

OSO']'S]., if ,le>1, jEe,
0<o;<1, if pj=1,j€e, 0<0;<1, je€,
0<oj<py if p,1, jee (2.6)

If 1,0 >0 (j € ep), then

we 1 1&17

Jj€en

sup |A(§, G)D" f(z)| < C(e)l|fls:

vl p)ix)sasa

where o satisfy the same conditions as o, with p; ¢ instead of p;.

Proof. By Lemma 8.6 of [2], there ia domain G, C G (u = (u1,....un), u; = s;7(z), s; > 0,
J € en,r(z) = dist(z,0G),x € G). Suppose that |£;| < uj, (j € en). Then, for every z € Gy,
then segment joining the points x and x 4 £ is constained in G. Consequently, for all points of
this segment, identifies (2.3) with the same kernels are valid. After transformations, from (2.3) we
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obtain
I3
v v —1-y; li—vi=2 ;e
A G)D f)| <O > () ] 77 /Htj dt
eCen jee’ Oe jEe
te +T1¢ x) /
K(u) Y p( ) / 1€ Te
></ e (te—l-Te” te+T6, 7/)( + 71')
R’n
Te
e v —2—v; li—v;— e
ANGELERRITRRSS SICILE | Eral VA | G
eCen jee’ Jj€en e| JE€
[€e|
te +7¢ x) /
K(V+1) Y P( ) //4€ Te
X/ e te+Te/7 te+Te/ ) p(t + 7‘:6)
RTI,
1 1
X / / IDY flz 4y + Eywr + . . . 4 Enwn) |dwdy
0 0
— 010 Y B9+ 0o Y By(a,9), (2.7)
eCen eCen
where 0 < T < min{1,d;} (j € en); [€°] = (€71, - .-, 160 1), 1€5] = €] for j € e; |€5] = 0 for j € €’

Assume that |§;| < Tj (j € en), and consequently |¢;| < min{u;,T;} (j € e,). If € G\ G, then
by definition A(¢, G)D? f(x) = 0.

By (2.7)
1A G)DY fllg—e.c = |1A(E, G)D" fllg—<.c.,
<C Y B lgmecn + Co D IES( ) llg—c.c- (2.8)
eCen eCen

By means of inequality (1.6) for D' f =, n; = |£;] (j € ) we obtain
”ES('af)Hq—E,Gu < Cl(E)HDlepr)’%),a,a;G H ngH#jv (2~9)
j€e
and by means of inequality (1.7) for D' f = v, n; = |¢;| (j € e) we obtain
1B (g0 < Co(@ID" Fllp) seamc [T 1617 (2.10)
j€e
From inequalities (2.8)-(2.10) we obtain the required inequality.
Now suppose that {{;} > min{u;,T;}. Then
1A G)D fllg-c < 21D fllg—e,c < Cw, T)D" fllg—c.c T 11617
Jj€en

Estimating || D f||q—e,c¢ by means of inequality (2.1), we obtain the sought inequality in this
case as well. The Theorem is proved. Q.E.D.
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